Introduction
Since 1930, with the renowned papers by Douglas and Radó on minimal surfaces, the study of parametric two-dimensional surfaces with prescribed mean curvature, satisfying different kinds of geometrical or topological side conditions, has constituted a very challenging problem and has played a prominent role in the history of the Calculus of Variations.
Surfaces with prescribed constant mean curvature are usually known as "soap films" or "soap bubbles". This case has been successfully and deeply investigated by several authors, and nowadays a quite wide description of the problem is available in the literature (see the survey book by Struwe [13] ).
The phenomenon of the formation of an electrified drop is closely related to soap film and soap bubbles. As experimentally observed (see for example [7] , [5] , [9] ), an external electric field may affect the shape of the drop, and its surface curvature turns out to be nonconstant, in general.
However, as regards the mathematical treatment of the case of nonconstant prescribed mean curvature, only few existence results of variational type are known. Apart from a paper by Hildebrandt [9] on the existence of a "small" solution for the Plateau problem, all the other variational-type results hold true in a perturbative setting, namely, for curvatures of the form H(u) = H 0 + ǫH 1 (u) with H 0 ∈ R \ {0}, H 1 ∈ C 1 (R 3 , R) ∩ L ∞ and |ǫ| small. In particular, let us mention the papers [14] , [15] , [2] , [11] and [12] , which deal with the Plateau problem, or the corresponding Dirichlet problem.
In this paper we are interested in the existence of S 2 -type parametric surfaces in R 3 having prescribed nonconstant mean curvature and passing through a given point.
More precisely, for H ∈ C 1 (R 3 , R), an S 2 -type parametric surface with mean curvature H is a nonconstant conformal function ω: R 2 → R 3 , smooth as a map on S 2 , and satisfying the following problem: ∆ω = 2H(ω)ω x ∧ ω y in R 2 R 2 |∇ω| 2 < +∞ . ∂y ), ∆ω = ω xx + ω yy , ∇ω = (ω x , ω y ), and ∧ denotes the exterior product in R 3 .
In case of non zero constant mean curvature H(u) ≡ H 0 , Brezis and Coron [3] proved that the only nonconstant solutions to (0.1) are spheres of radius H −1 0 . As stated by Bethuel and Rey in [2] , these solutions are stables with respect to L ∞ small perturbations of H 0 .
In the present paper, as a first result, we prove the existence of an S 2 -type parametric surface with nonconstant prescribed mean curvature H, whose range contains a given point, under global assumptions. In particular we show:
Theorem 0.1 Let ξ ∈ R 3 and let H ∈ C 1 (R 3 , R) satisfy Then there exists a nonconstant, conformal solution ω to (0.1) which is smooth on S 2 and such that ξ ∈ range ω.
We point out that assumption (0.2) is a global condition on the radial component of ∇H with respect to ξ (but not on |∇H|) which must vanish at infinity with a suitable decay rate. Moreover it implies that H ∈ L ∞ (R 3 ) and that for every u ∈ R 3 there exists lim s→+∞ H(ξ + su). Notice that we have no sign condition on H.
Assumption (0.3) says that at infinity, along some ray coming out from ξ, H does not vanish. This requirement is quite natural since in case H ≡ 0 the only solutions to (0.1) are the constant ones.
Problem (0.1) has a natural variational structure, since solutions to (0.1) are formally the critical points of the functional
where Q: R 3 → R 3 is any vector field such that div Q = H (compare with [10] ). Roughly speaking, the functional R 2 Q(u) · u x ∧ u y has the meaning of a volume, for u in a suitable space of functions. This is clear when H(u) ≡ H 0 . Indeed in this case, taking Q(u) = H 0 3 u, one deals with the standard volume functional R 2 u·u x ∧u y which is a determinant homogeneous in u and, for u constant far out, measures the algebraic volume enclosed by the surface parametrized by u. Moreover, it turns out to be bounded with respect to the Dirichlet integral by the Bononcini-Wente isoperimetric inequality.
For a suitable choice of the vector field Q (see formula (0.4) below) the functional R 2 Q(u) · u x ∧ u y is essentially cubic in u and it satisfies a generalized isoperimetric inequality. For this reason, if H is non zero at infinity, we expect that E has a mountain pass structure, and this gives an indication for the existence of a non trivial critical point.
A first difficulty in approaching the problem with variational methods, even in case of constant mean curvature, concerns the choice of the functional space. Indeed, the Sobolev space H 1 (S 2 , R 3 ), which seems to be the natural one in order to look for S 2 -type solutions, actually is not appropriate, since no pointwise conditions are allowed, and since one has no control on the L 2 norm, which does not appear in the expression of the functional.
Other difficulties arise from the fact of considering the case H non constant:
− well poseness and regularity of the functional, − boundedness of Palais-Smale sequences, − lack of continuity of E ′ with respect to weak convergence, − lack of compactness and failure of the Palais-Smale condition, due to the action of the conformal group on S 2 .
In this paper we follow a less direct approach, by considering as a domain of E the space H 1 0 (D, R 3 ) + ξ. Here D is the unit disc in R 2 but in fact it can be any bounded smooth domain.
Main tools are some recent results by Bethuel [1] and by Bethuel and Rey [2] on the blow-up analysis of the Palais-Smale sequences.
Several decisive advantages in the treatment of the variational problem are gained by a suitable choice of the vector field Q. More precisely, instead of taking
as done in [9] , [14] , [15] , [2] , [11] and [12] , we prefer to define
This choice of Q allows us to:
− set up the variational problem under global assumptions on H, − show that the energy functional has a mountain pass geometry, − provide global conditions on H ensuring the boundedness of Palais-Smale sequences and allowing us to recover some compactness.
All this information leads us to obtain Theorem 0.1, by following an argument based on these two steps: 1) the functional E has a mountain pass structure on the space H 1 0 (D, R 3 ) + ξ but, according to a non existence result due to Wente [16] , its only critical point is the trivial one u ≡ ξ.
2) the Palais-Smale sequence for E at the mountain pass level must concentrate on a unique bubble passing through ξ, according to a blow-up phenomenon.
By exploiting the global result stated in Theorem 0.1, as well as the variational characterization of the solution (see Theorem 2.2), and using suitable approximation procedures, we are able to obtain also some perturbative results.
Firstly, we can prove that the solution given by Theorem 0.1 is stable under L ∞ small perturbations of the curvature function. More precisely we have:
admits a nonconstant, conformal, smooth solution.
Theorem 0.2 can be viewed as a generalization of a result by Bethuel and Rey [2] who obtained a similar conclusion in case H(u) ≡ H 0 is a non zero constant. In fact, as stated in [2] , when H is constant, the result turns out to be uniform with respect to ξ ∈ R 3 , that is, ǫ 0 is independent of ξ (see Remark 3.1).
Secondly, we investigate the case of slowly oscillating perturbations in
and we have:
Then there exists ǫ 0 > 0 such that for every ǫ ∈ (−ǫ 0 , ǫ 0 ) the problem
The paper is organized as follows: in Section 1 we study generalized volume functionals of the form m(u)u · u x ∧ u y and we state their regularity properties. To this extent we prove some generalized isoperimetric inequality. In Section 2 we consider a variational problem on the unit disc. More precisely, in Subsection 2.1 we show that the energy functional E admits a mountain pass geometry on the space
. Then, in Subsection 2.2 we analyse the behaviour of the Palais-Smale sequences and we obtain the existence of a nonconstant solution of (0.1) passing through 0, by exploiting the lack of compactness of the problem. This result is proved firstly under a technical additional assumption on ∇H which allows us to set up the variational problem. Nevertheless, in Section 3 we can remove this extra assumption and we complete the proof of Theorems 0.1 and 0.2. Lastly, in Section 4 we consider the slowly oscillating case and we prove Theorem 0.3.
Generalized volume functionals
Let D be the unit disc in R 2 . On the Sobolev space
In case q(u) ≡ 1 the functional V q reduces to the classical volume functional and satisfies the standard isoperimetric inequality. In fact the following generalization holds.
The proof of Lemma 1.1 is based on the following auxiliary result.
As a first step, we prove that ∇v
Take any subsequence of (v n ) , that we still denote (v n ). By the strong convergence in H 1 0 , the corresponding sequence (u n ) admits a subsequence such that ∇u n → ∇u and u n → u pointwise a.e. on D. In addition, there exists f ∈ L 2 (D) such that |u n | + |∇u n | ≤ f for every n a.e. on D. Then, since q ∈ C 1 (R 3 , R), we have ∇v n → ∇v pointwise a.e. on D, and
Hence, by Lebesgue dominated theorem, (1.2) holds. As a second step, arguing in a similar way, one can check that
Proof of Lemma 1.1. Since q ∈ L ∞ , we can write q(u) = q 0 + q 1 (u) with q 0 ∈ R and q 1 ∈ L ∞ satisfying q 1 (u) ≥ 1 for every u ∈ R 3 . Let V: H 1 0 → R be the standard volume functional:
it satisfies |∇q(u)| ≤ and (1.4) give
This and (1.1) imply the thesis. Proof. It follows by the results in [10] .
A Variational Result
In this section we consider H ∈ C 1 (R 3 , R) satisfying
We remark that if M H < +∞ then H ∈ L ∞ and for every u ∈ R 3 there exists lim s→+∞ H(su).
In addition, we impose the following transitory assumption that will be removed in Section 3: sup
Now we define m: R 3 → R by setting:
Note that m ∈ C 1 (R 3 , R) ∩ L ∞ and it satisfies the condition sup
whenever H ∈ C 1 (R 3 , R)∩L ∞ and it verifies (2.1). Then, by Lemma 1.1, the volume functionals V H and V m are well defined on H 1 0 and the results stated in Section 1 hold with q = H and q = m. In addition, we point out the following elementary facts.
where t ≥ 0 and R(t, u) =
where g(t) =
Now we are in position to introduce the energy functional
The goal of this Section is to show the following result. 
Mountain pass geometry
Firstly, we state the regularity properties of the functional E, which immediately follow by Lemmata 1.1 and 1.3 and by (2.2).
and it is given by
h is continuous with respect to the strong topology of H 1 0 , (iii) for every u ∈ H 1 0 there exists the directional derivative of E at u along u and it is given by E ′ (u)u = 2D(u) + 2V H (u).
For each u ∈ H 1 0 the mapping h → E ′ (u)h defines a linear functional on
Since H 1 0 is a Hilbert space and H 1 0 ∩ L ∞ is a dense subspace, if E ′ (u) < ∞ then the functional E ′ (u) admits a unique continuous extension on H 1 0 . Secondly, we point out that the assumption (2.1) as well as guarantees the well poseness of the energy functional and its regularity, it gives the following local behaviour at 0.
Proof. Use the isoperimetric inequality for V m , stated in Lemma 1.1.
Finally, the assumptions (h ∞ ) and M H < +∞ yield the mountain pass structure for E. Indeed we have:
Proof. First of all, since M H < +∞, we observe that for every s, t > 0
Then there exists h ∞ ∈ C(S 2 , R) such that H(su) → h ∞ (u) as s → +∞, uniformly with respect to u ∈ S 2 . Hence, by (h ∞ ), there exist a nonempty open set Σ ⊂ S 2 ands > 0 such that inf s>s u∈Σ
Thanks to the rotational invariance of the problem we may assume that Σ is an open neighborhood of the point (0, 0, −1). Furthermore, let us suppose that H(su) ≥ H 0 > 0 for s >s and u ∈ Σ. Then, for δ ∈ (0, 1) let us define
where ρ 2 = x 2 + y 2 and B δ = {(x, y) : ρ < δ}. It holds that u ∈ H 1 0 , |u(x, y)| = 1 for (x, y) ∈ B δ , while |u(x, y)| ≤ 1 for (x, y) ∈ D \ B δ . We can fix δ ∈ (0, 1) such that u(B δ ) ⊂ Σ. One can also check that
Let s >s be such that
Settingū = su for some s >s, let us evaluate for t ≥ 1
Using (2.4) and (2.5) with u =ū and U = B δ , from (2.7) it follows that since t ≥ 1
as t → +∞. Hence, thanks to (2.6), we have that E(tū) → −∞ as t → +∞. Finally, we observe that in case H(su) ≤ H 0 < 0 for s >s and u ∈ Σ one can repeat the same argument taking v(x, y) = u(y, x). 
E(γ(s)) .
By Lemma 2.4 we infer that c ≥ c 0 > 0. Even if the energy functional E in general is not of class C 1 (in fact it is not even Gateaux differentiable), its regularity properties, as stated in Lemma 2.3, and its geometrical properties, stated in Lemmata 2.4 and 2.5, are sufficient in order to conclude that E admits a Palais-Smale sequence at level c, namely, a sequence (u n ) ⊂ H 1 0 such that E(u n ) → c and E ′ (u n ) → 0.
Indeed, as shown by Duc [4] , just the continuity of directional derivatives for a given dense set of directions is enough for constructing a pseudogradient vector field for E. Then the standard minimax principle can be used. We point out that a similar observation was used in [2] and [11] .
Palais-Smale sequences
In this Subsection we study the behaviour of the Palais-Smale sequence (u n ) ⊂ H 1 0 for E at the mountain pass level c.
As a first step, using the condition M H < 1, we show: 
Noting that, by Lemma 1.1, the mapping u → E ′ (u)u = 2D(u) + 2V H (u) is well defined and continuous on H 1 0 , by density, we infer that
Applying (2.8) to a Palais-Smale sequence (u n ), since M H < 1 and |E ′ (u n )u n | ≤ E ′ (u n ) ∇u n 2 for every n, we obtain the thesis.
In the following result, which completes the proof of Theorem 2.2, we describe in a precise way the behaviour of the Palais-Smale sequence (u n ) for E at the mountain pass level, whose existence is proved in the previous Subsection.
In particular we show that (u n ) converges weakly to 0 and, in fact, it concentrates at a singular point around a single bubble passing through 0, according to a blow-up phenomenon.
Again the assumption M H < 1 will play a key role. Crucial tools in the proof are some recent results by Bethuel [1] (on the weak limit of a Palais-Smale sequence) and by Bethuel and Rey [2] (on the characterization of the bounded Palais-Smale sequences).
0 is a Palais-Smale sequence for E at the level c, then there exist a noncostant, conformal, smooth solution ω to (0.1), sequences (a n ) in D and (ǫ n ) in (0, +∞) such that ǫ n → 0 and, up to a subsequence,
where ω n (z) = ω( z−a n ǫ n ). Moreover E ∞ (ω) = c and ω(∞) = 0.
Proof. By Lemma 2.6, the sequence (u n ) admits a subsequence, still denoted (u n ), which converges weakly in H 1 0 to some u ∈ H 1 0 . By a result of Bethuel [1] , u is a weak solution to the Dirichlet problem
By a Heinz regularity result [8] u is smooth. Then a non existence result by Wente [16] , which holds also in case H nonconstant, can be applied, to conclude that u = 0. Now, by a Theorem due to Bethuel and Rey (Theorem 5.6 in [2] ), there exist:
(i) a finite number of nonconstant solutions ω 1 , . . . , ω p of (0.1),
(ii) sequences (a n 1 ), . . . , (a 
Now we claim that p = 1. This leads us to conclude the proof. Indeed, if p = 1, then (2.11) implies (2.9) with ω nonconstant solution to (0.1). In particular, by (2.12), E ∞ (ω) = c. Note that since H ∈ C 1 (R 3 , R) and it satisfies (2.1), by a regularity result [8] , any solution to (0.1) is conformal and smooth as a map on S 2 .
In particular, there exists lim |z|→∞ ω(z) = ω(∞). To conclude, let us prove that ω(∞) = 0. By (2.9) we have ω n L 2 (∂D) → 0. Then, up to a subsequence, lim n→∞ ω z − a n ǫ n = 0 a.e. on ∂D . (2.13)
If, for a subsequence, a n → a ∈ D then z−a n ǫ n → ∞ for every z ∈ ∂D and consequently (2.13) implies ω(∞) = 0. Otherwise a n → a ∈ ∂D and for z ∈ ∂D with z · a < 1 2 we have z−a n ǫ n → ∞ and also in this case, by (2.13) we obtain that ω(∞) = 0. Hence, in order to complete the proof, we just have to show that p = 1. This will follow by (2.12) and by the next Lemma, in which the condition M H < 1 again enters in an essential way.
Proof. Let ω be a nonconstant solution of (0.1). For every δ > 0 small enough let u δ : D → R 3 be defined as follows:
where ω δ (z) = ω( z δ 5 ), and φ δ (r) = log r − log δ log δ . Note that u δ ∈ H 1 0 ∩ L ∞ and u δ ∞ ≤ ω ∞ . Moreover, one can check that
For any domain U ⊂ R 2 and for
We have that
Fixing ǫ > 0, by (2.14), there exists δ ǫ > 0 such that for every δ ∈ (0, δ ǫ )
and thus
Now, using (2.4) and (2.5) with u = ω and U = B 1 δ , from (2.18) it follows that
where
we have that α δ → α 0 as δ → 0, with α 0 > 0, because ω is nonconstant. Moreover, since ω solves (0.1), we have
Hence, taking a smaller δ ǫ > 0, if necessary, we can also assume that for δ ∈ (0, δ ǫ )
Therefore, since M H < 1 and g(t) ≥ 0 for t ≥ 0, (2.19), (2.20)-(2.22) imply that for δ ∈ (0, δ ǫ ) and t ∈ [0, 1]
Then, by (2.15) and (2.17) we get
Now we consider the case t > 1. Using (2.15), (2.17), (2.19), and (2.20)-(2.22), we have that for δ ∈ (0, δ ǫ ) and t > 1
For ǫ > 0 sufficiently small, g ǫ (t) → −∞ as t → +∞, and then for every δ ∈ (0, δ ǫ ), up to reparametrization, the path t → tu δ belongs to Γ. Moreover, taking the maximum value of g ǫ (t) for t ≥ 0, from (2.24) we obtain Let us conclude this Section with few comments about the role of the hypothesis M H < 1. This assumption seems to be a quite natural condition in order to recover some compactness. Indeed, according to the argument followed to prove Lemma 2.7, the main problem is that the Palais-Smale sequence at the mountain pass level loses compactness with a dychotomy phenomenon, by splitting into two or more bubbles. If this occurs, one has no information about the position of these bubbles, but one can only know that, roughly speaking, their baricenter is 0. However, this risk is eliminated if one has some uniform estimate for instance on the energy levels of the bubbles. Hence the condition M H < 1 and its consequence stated in Lemma 2.8 goes in this spirit.
Actually, the deep reason is that the inequality M H < 1 guarantees that along any radial mountain pass path the energy functional admits only one maximum point. In fact, if u ∈ H 1 0 ∩ L ∞ and t > 0 is such that
and then
3 Proof of Theorems 0.1 and 0.2
We directly prove Theorem 0.2 that reduces to Theorem 0.1 when H 1 ≡ 0. Moreover we can limit ourselves to consider the case ξ = 0, since the case of an arbitrary ξ ∈ R 3 immediately follows with a translation. where r ǫ > 0 will be fixed afterwards,
, it is nonincreasing, it takes values in (0, 1] and it satisfies for every r ≥ 0
Now let us set for every u ∈ R 3
As a first step, let us check that for |ǫ| sufficiently small, ǫ = 0,H ǫ verifies the assumptions of Theorem 2.2. Indeed, one can immediately check thatH ǫ ∈ C 1 (R 3 , R) satisfiesH
Moreover from (3.2) and (3.3) it follows that
Defining for every r ≥ 0
the mapping r → M 1 (r) turns out to be continuous and nondecreasing. For every ǫ = 0 letr
One has that r ǫ → +∞ as ǫ → 0 and, by (3.5),H ǫ satisfies the uniform bound
Furthermore, using (3.4) one also obtains that
and thusH ǫ verifies (2.1), too. Finally, one observes that, since γ ǫ → +∞ as ǫ → 0 and H verifies (h ∞ ), (3.4) implies that
for |ǫ| small enough, ǫ = 0. Hence alsoH ǫ verifies (h ∞ ). Therefore, applying Theorem 2.2, we infer that for |ǫ| small enough, ǫ = 0, the energy functionalẼ ǫ corresponding toH ǫ has a mountain pass geometry on H 1 0 at a level c ǫ > 0. In addition, since by hypothesis M H < 1, by (3.6) the problem
admits a nonconstant conformal, smooth solution ω ǫ with
As a second step, we will show the following Claim: there exist C 0 > 0 such that ω ǫ ∞ ≤ C 0 for |ǫ| sufficiently small, ǫ = 0.
Clearly this claim immediately implies the thesis. Indeed, since r ǫ → +∞ as ǫ → 0, by (3.4), we conclude that for |ǫ| small enough,H ǫ (ω ǫ ) = H ǫ (ω ǫ ) on R 2 and then ω ǫ solves (0.5).
To prove the claim, we first show that
where C > 0 depends only on H ∞ and H 1 ∞ . This is a consequence of an a priori L ∞ estimate proved by Grüter [6] (see also Theorem 4.8 in [2] ). More precisely, fixing an arbitrary δ > 0, for every ǫ = 0 with |ǫ| small, there exists ρ ǫ > 0, depending on δ, such that if |z| ≥ ρ ǫ then |ω ǫ (z)| ≤ δ.
Setting γ ǫ (z) = ω ǫ (ρ ǫ z) for z ∈ ∂D and u ǫ (z) = ω ǫ (ρ ǫ z) for z ∈ D, we have that u ǫ is a smooth and conformal solution to
Hence, by [6] ,
with C > 0 depending on H ǫ ∞ . Since
Therefore (3.8) holds true. Now, since
arguing as in the proof of Lemma 2.6 and using (3.6) and (3.7) we obtain 
E(tū) .
Then, for r ǫ ≥ t 0 ū ∞ one has E ǫ (tū) = E(tū) + 2ǫt Hence, by (3.8), (3.9) and (3.10), the claim is proved. This completes the proof of Theorem 0.2.
Remark 3.1 We point out that in case H(u) ≡ H 0 is a non zero constant, repeating the previous proof one can see that in fact one obtains a solution to problem (0.5) for |ǫ| < ǫ 0 with ǫ 0 depending on |H 0 | and H 1 ∞ but not on ξ. Hence in this case one recovers the result by Bethuel and Rey [2] .
Slowly oscillating perturbations
In this Section, firstly we prove Theorem 0.3.
Proof of Theorem 0.3. We will follow an argument analogous to the Proof of Theorem 0.2. First of all, with a translation u → u − ξ we reduce to the case ξ = 0. For every ǫ ∈ R \ {0} let us define:
where ϕ ǫ is the same function as in (3.1), but with a different choice of r ǫ . Note thatH ǫ ∈ C 1 (R 3 , R) and it satisfies H ǫ ∞ ≤ H ∞ + H 1 ∞ . Moreover, one can check that |∇H ǫ (u) · u| |u| ≤ M H + |ǫ|r 2 ǫ ∇H 1 ∞ for every u ∈ R 3 . Hence, choosing 
